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WEIGHTED FRACTIONAL CHAIN RULE AND NONLINEAR
WAVE EQUATIONS WITH MINIMAL REGULARITY
KUNIO HIDANO, JIN-CHENG JIANG, SANGHYUK LEE, AND CHENGBO WANG
Abstract. We consider the local well-posedness for 3-D quadratic semi-linear
wave equations with radial data:
u = a|∂tu|
2 + b|∇xu|
2,
u(0, x) = u0(x) ∈ H
s
rad
, ∂tu(0, x) = u1(x) ∈ H
s−1
rad
.
It has been known that the problem is well-posed for s ≥ 2 and ill-posed for
s < 3/2. In this paper, we prove unconditional well-posedness up to the scaling
invariant regularity, that is to say, for s > 3/2 and thus fill the gap which was
left open for many years. For the purpose, we also obtain a weighted fractional
chain rule, which is of independent interest. Our method here also works for a
class of nonlinear wave equations with general power type nonlinearities which
contain the space-time derivatives of the unknown functions. In particular,
we prove the Glassey conjecture in the radial case, with minimal regularity
assumption.
1. Introduction
In this paper, we are interested in the problem of local well-posedness with
minimal regularity for 3-D quadratic semi-linear wave equations with radial data,
(1.1)
u = a|∂tu|2 + b|∇xu|2,
u(0, x) = u0(x) ∈ Hsrad, ∂tu(0, x) = u1(x) ∈ Hs−1rad ,
where (t, x) ∈ R+ × R3, (a, b) ∈ R2\{(0, 0)},  = ∂2t −∆, ∂ = (∂t,∇x). Here Hsrad
denotes the space of spherically symmetric functions lying in the usual Sobolev
spaceHs. Notice that sc = 3/2 is the regularity for the problem to be scale invariant
in the homogeneous Sobolev space H˙s, and it is well known that the problem is
ill-posed in Hs and Hsrad for s < sc, see Lindblad [23]. The equation (1.1) serves
as a simplified model for many equations which are important in mathematical
physics, such as wave maps and Einstein equations. The problem of local well-
posedness with minimal regularity assumption has been extensively investigated
and well-understood.
1.1. Quadratic semi-linear wave equation. In [19], by using bilinear estimates,
together with standard energy-type estimates, Klainerman and Machedon proved
the local well-posedness for the problem (1.1) with a + b = 0 (thus, satisfying the
null condition) in H2, which was later improved to Hs for s > sc, see [20], [21], [22]
and references therein. Moreover, even without the null condition, their bilinear
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estimate holds if initial data and forcing terms are radially symmetric in the spatial
variables. It yields local well-posedness in H2rad for the problem (1.1), and they
conjectured that the problem is ill posed in H2 in general. Later, Ponce-Sideris [31]
proved local well-posedness in Hs for any s > 2, as well as the radial case H2rad,
by applying the Strichartz estimates. See also Tataru [39], Smith-Tataru [35] and
references therein for related results on local well-posedness for the same problem
as well as the quasilinear wave equation g(u)u = Q(∂u, ∂u), in general spatial
dimensions. In [23], [24], Lindblad proved that the problem is generally ill-posed
in Hs for any s ≤ 2, which verified the conjecture of Klainerman-Machedon [19].
Thus, in general cases the local well-posedness problem looks almost completely
understood in terms of regularity of the initial data. However, if we focus on the
radial data, the current state is not so satisfactory. To be precise, the results of
Lindblad [23], [24] do not apply to the radial solutions, so we only know that the
problem is ill-posed in Hsrad with s < sc = 3/2 (see Remark 1.2). On the side
of well-posedness, from [19] the problem (1.1) is locally well-posed in H2rad. This
means, in contrast to the general cases, that for the radial case there is still a gap
between ill-posedness and well-posedness results, precisely for (1.1) in Hsrad with
s ∈ [3/2, 2).
In the following which is our main result we prove that s > sc is sufficient
for (1.1) to be locally well-posed so that we fill the gap except the case s = sc.
Moreover, we show that the local solutions could be extended to almost global
solutions in Hsrad, when the initial data are small. Since the result for s ≥ 2 was
already proved in the aforementioned previous works, we restrict ourselves to the
case s ∈ (sc, 2) = (3/2, 2).
Theorem 1.1. The problem (1.1) is unconditionally well-posed in Hsrad with s ∈
(3/2, 2). More precisely, for any radial data (u0, u1) ∈ Hsrad × Hs−1rad , there ex-
ists T ∈ (0,∞), which depends only on the norm of (u0, u1), such that the prob-
lem (1.1) admits a unique, radially symmetric solution u ∈ L∞([0, T ];Hs(R3)) ∩
Lip([0, T ];Hs−1(R3)). Moreover, u ∈ C([0, T ];Hs) ∩ C1([0, T ];Hs−1),
r−1/2+δ〈r〉−δ∂u ∈ L2([0, T ]× R3), 2δ = s− 3
2
,
and there exists c > 0, such that we can choose T = Tε, where
(1.2) Tε =
{
exp(cε−1) , ε < 1 ,
cε−
1
s−3/2 , ε ≥ 1 ,
with
ε = ‖∂u(0)‖H˙s−1 + ‖∂u(0)‖1/2H˙s−1‖∂u(0)‖
1/2
H˙2−s
.
We now make several remarks concerning Theorem 1.1.
Remark 1.1. It is natural to expect that solutions exist for longer time as the
initial data get smaller but it is another matter to obtain precise quantification of
the lifespan depending on the size of the initial data. For the problem (1.1) with
generic compactly supported smooth data of size ε, it is known that the lifespan Tε
of the classical solution satisfies
lnTε ≃ ε−1,
except the case when the null conditions are satisfied (in which case we have small
data global existence), see John [16], John-Klainerman [15], Rammaha [32], Zhou
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[44]. For H2rad data Hidano-Yokoyama [12] proved almost global existence, i.e.,
Tε ≥ exp(cε−1), of the Klainerman-Machedon radial solutions for small H2rad data
by using a variant of the KSS estimate [18]. See Hidano-Wang-Yokoyama [11] for a
related result in the quasilinear case. See also Sterbenz [38] and references therein
for small data global well-posedness with low regularity, for (1.1) with spatial di-
mension n ≥ 4.
Remark 1.2. The regularity assumption in Theorem 1.1, s > sc = 3/2, is optimal,
in the sense that the same conclusion fails for s = sc in general. More precisely,
for (1.1) with a = 1, there exists a family of compactly supported, smooth, radi-
ally symmetric functions gλ, which are uniformly bounded in H
1/2
rad , such that the
lifespan of the corresponding solution uλ in H
s
rad, with data u(0) = 0, ut(0) = gλ,
goes to zero as λ goes to ∞. See the proof of Fang-Wang [3, Theorem 1.2] together
with an explicit ODE solution uλ(x, t) = − ln(1 − t/λ) instead of (3.3) there.
Remark 1.3. The unconditional uniqueness for the problem (1.1) has been obtained
in Hs with s > 2 in Planchon [30]. See also Zhou [43] for a related H2 result under
the null condition.
1.2. Weighted fractional chain rule. The well-posedness results in [19], [31] are
based on bilinear and Strichartz estimates. As is clear, such approach doesn’t seem
to work for our problems. Instead, for the proof of Theorem 1.1, we make use of
the Morawetz type estimates for the wave equations (also known as local energy
estimates and KSS type estimates in the literature) and a weighted fractional chain
rule which is of independent interest. As far as we are aware, this type of chain rule
hasn’t appeared before. As Morawetz type estimates could be proved by multiplier
methods (for example, see [37, 27]) our proof of Theorem 1.1 provides a physical
space approach for the nonlinear wave equations with low regularity. We believe
that our approach will be useful for studies in related nonlinear problems.
As for the weight functions, we use Muckenhoupt’s Ap class. Let us recall the
definition of Ap weights:
w ∈ A1 ⇔Mw(x) ≤ Cw(x), a.e. x ∈ Rn ,
and, for 1 < p <∞, w ∈ Ap if and only if w ≥ 0 and(∫
Q
w(x)dx
)(∫
Q
w1−p
′
(x)dx
)p−1
≤ C|Q|p, ∀ cubes Q .
Here M is the Hardy-Littlewood Maximal function which is defined by Mw(x) =
supr>0 r
−n
∫
Br(x)
|w(y)|dy.
Theorem 1.2 (Weighted fractional chain rule). Let s ∈ (0, 1), q, q1, q2 ∈ (1,∞)
with 1q =
1
q1
+ 1q2 . Assume F : R
k → Rl is a C1 map, satisfying F (0) = 0 and
(1.3) |F ′(τv + (1− τ)w)| ≤ µ(τ)|G(v) +G(w)|,
with G ≥ 0 and µ ∈ L1([0, 1]). If (w1w2)q ∈ Aq, wq11 ∈ Aq1 , wq22 ∈ Aq2 , then
(1.4) ‖w1w2DsF (u)‖Lq.‖w1Dsu‖Lq1‖w2G(u)‖Lq2 ,
where D =
√−∆. In addition, when q2 = ∞ and q ∈ (1,∞), if wq1 , (w1w2)q ∈ Aq
and w−12 ∈ A1, we have
(1.5) ‖w1w2DsF (u)‖Lq.‖w1Dsu‖Lq‖w2G(u)‖L∞ .
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The fractional chain rule with w1 = w2 ≡ 1(without weights) was proven by
Christ-Weinstein [2], Staffilani [36], Kato [17]. See also Taylor [40, Chapter 2 Propo-
sition 5.1]. Our proof of Theorem 1.2 basically follows the same line of agrument
as in Taylor [40] but we also need new ingredients such as the weighted estimates
for Caldero´n-Zygmund, Littlewood-Paley operators and weighted vector valued in-
equality for Hardy-Littlewood maximal functions (see Andersen-John [1]). We note
the further potential of the fractional chain rule in Theorem 1.2 and the charac-
terization of our weight w(x) = r−1+2δ〈r〉−2δ−2δ1 in terms of the Muckenhoupt
A1 class (see Lemma 2.5 below). They also play an important role in the study
of well-posedness of the Cauchy problem for the nonlinear half wave equation and
the nonlinear elastic wave equation with low-regularity data. See Hidano-Wang [9],
Hidano-Zha [13].
1.3. General power type nonlinearities. We also apply our method to a class of
nonlinear wave equations with general power type nonlinearities in which the space-
time derivatives of the unknown functions also appear. More precisely, let n ≥ 2,
p > 1, and consider the following nonlinear wave equation, with (t, x) ∈ R+ × Rn,
(1.6)
u = a|∂tu|p + b|∇u|p,
u(0, x) = u0(x) ∈ Hsrad, ∂tu(0, x) = u1(x) ∈ Hs−1rad .
For this problem, sc = (n+2)/2−1/(p−1) is the scaling-critical Sobolev regularity,
which is a lower bound for the problem to be locally well-posed in Hs, and also
Hsrad. In addition, sl = (n + 5)/4 is a lower bound for the problem to be locally
well-posed in Hs. See Fang-Wang [3] for these ill-posed results when n ≥ 31. If
the nonlinearity is sufficiently smooth, the problem is locally well-posed in Hs,
for s ≥ sc and s > max(sl, (n + 1)/2). This can be shown by using Strichartz
estimates, see, e.g., Fang-Wang [3]. Moreover, when the initial data are radial,
improved Strichartz type estimates under radial symmetry can be further exploited
to prove local well-posedness in Hsrad for s ≥ max(sc, (n + 1)/2) and s > 3/2 (see,
Fang-Wang [4], [6]).
Concerning long time existence with small data, the problem is related to the
so-called Glassey conjecture (see Glassey’s MR review of the paper of Sideris [33]),
which states that the critical power for (1.6) to admit global small solutions is
pc(n) ≡ 1 + 2
n− 1 .
The global existence for p > pc(n) has been verified for dimension two and three
(Hidano-Tsutaya [8] and Tzvetkov [41]), as well as radial cases in higher dimensions
(Hidano-Wang-Yokoyama [10]). Notice however that the method which relies on
Strichartz estimates yields small data global existence in Hsc for p > max((n +
3)/(n − 1), 3). For the sub-critical case 1 < p ≤ pc(n), when (a, b) = (1, 0), it is
known from Zhou [44] that there are no global solutions in general and an upper
bound of the lifespan is given by
Tε ≤
{
exp(Cε−(p−1)) , p = pc ,
Cε
2(p−1)
(n−1)(p−1)−2 , 1 < p < pc ,
for generic, compactly supported, smooth data of size ε.
1 In Fang-Wang [3], the theorems were stated for equations of the form u = |ut|p−1ut,
however, as is clear from the proof, it also applies to (1.1) with a > 0 and b ≥ 0.
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Concerning long time well-posedness with small Hsrad data, it is known from [10]
that s = 2 is sufficient for existence. Moreover, the smallness of the initial data
was measured in certain “multiplicative form”, which strongly suggests that, the
minimal regularity for the problem should be given by
(1.7) so ≡ max
(
3
2
, sc
)
= max
(
3
2
,
n+ 2
2
− 1
p− 1
)
.
Notice that for p > 1, sc > 3/2 is equivalent to p > pc.
By making use of the similar approach which is taken for (1.1), we prove that
the problem (1.6) is locally well-posed in Hsrad for any s ∈ (so, 2), when 1 < p <
1 + 2/(n − 2). Furthermore, when pc < p < 1 + 2/(n − 2), for any s ∈ (sc, 2), it
admits global solution for small data in Hsrad, which gives an affirmative answer for
the natural regularity problem raised in [10].
The following is our result concerning the problem (1.6).
Theorem 1.3. Let n ≥ 2 and p ∈ (1, 1 + 2/(n − 2)) (when n = 2, it means
p ∈ (1,∞) ). The problem (1.6) is unconditionally well-posed in Hsrad with s ∈
(so, 2), where so is given by (1.7). More precisely, for any radial data (u0, u1) ∈
Hsrad ×Hs−1rad , there exists T ∈ (0,∞], which depends only on the norm of (u0, u1),
such that the problem (1.6) admits a unique, radially symmetric solution u ∈
L∞([0, T );Hsrad)∩Lip([0, T );Hs−1rad ). Moreover, u ∈ C([0, T );Hs)∩C1([0, T );Hs−1),
r−
1
2+δ〈r〉−δ−δ1∂u ∈ L2([0, T )× Rn),
where δ ∈ (0, 1/2) and δ1 ∈ [−δ, (n− 1)/2) are defined by
(1.8) δ =
{ p−1
2 (s− sc) , p ≥ pc ,
p−1
2 (
3
2 − sc) , p < pc ,
δ1 =


n−1
4 min(1, p− pc) , p > pc ,
0 , p = pc ,
−δ , p < pc .
and there exist c, ε0 > 0, such that we can choose T = Tε, where
(1.9) Tε =


cε−
1
s−sc , ε ≥ ε0, p ≥ pc ,
exp(cε−(p−1)) , ε < ε0, p = pc ,
∞ , ε < ε0, p > pc ,
cε−
1
3/2−sc = cε
2(p−1)
(n−1)(p−1)−2 , p < pc ,
with
ε =


‖∂u(0)‖Hs−1 , p > pc ,
‖∂u(0)‖H˙s−1 + ‖∂u(0)‖1/2H˙s−1‖∂u(0)‖
1/2
H˙2−s
, p = pc ,
‖∂u(0)‖1/2
H˙s−1
‖∂u(0)‖1/2
H˙2−s
, p < pc .
Remark 1.4. For the two dimensional critical case p = pc(2) = 3, Fang-Wang [6]
proved the same result for general data in Hs with s > sc, by assuming additional
angular regularity2 of order bigger than 1/2.
As we have pointed out in Remark 1.2, Theorem 1.3 for p ≥ pc fails to be true
for s = sc, in the sense that there exists a family of data such that the lifespans
tend to zero while the data remain bounded in Hscrad. Nevertheless, it does not
exclude the possibility of small data global existence in the critical space Hscrad, for
p > pc. Thus, one may naturally ask whether it is possible to obtain small data
2As for the meaning of additional angular regularity, see Lemma 2.1 below. There, we use the
Sobolev space on the unit sphere
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global existence for s = sc under the assumption p > pc. It turns out that this is
true when the spatial dimension is two, while the higher dimensional cases remain
open.
By exploiting generalized Strichartz estimates of Fang-Wang [4], Smith-Sogge-
Wang [34], we obtain the following:
Theorem 1.4. Let n = 2 and p > 5. Then there exists a small constant ε0 > 0,
such that the Cauchy problem (1.6) has a unique global solution satisfying u ∈
C([0,∞);Hsc) ∩ C1([0,∞);Hsc−1) and ∂u ∈ Lp−1t L∞x , whenever the initial data
(u0, u1) ∈ Hsc ×Hsc−1 with
(1.10) ‖(u0, u1)‖H˙sc×H˙sc−1 = ε ≤ ε0 .
In addition, there exists a consant C > 0, such that the solution satisfies
‖∂u‖L∞t H˙sc−1∩Lp−1t L∞x ≤ Cε, ‖∂u‖L∞t L2x ≤ C‖(u0, u1)‖H˙1×L2 .
Moreover, when p > 3 and the initial data are radial, the same result remains valid
for the radial solutions.
As we have recalled, sc and sl are believed to be lower bounds for the problem
to be locally well-posed in Hs, which has been partially verified in Lindblad [23],
[24], Fang-Wang [3], for n ≥ 3. The necessity of s ≥ max(sc, sl) for n = 2 is more
delicate, but nevertheless is still true, see Liu-Wang [26]. Since sl > sc for p < 5,
we see that the condition p ≥ 5 is necessary in general for (1.6) to be well-posed in
Hsc ×Hsc−1.
Concerning the paper. Our paper is organized as follows. In the next section, we
collect various basic estimates which we need, including trace estimates, Morawetz
type estimates and Strichartz type estimates. In particular, we prove a weighted
fractional chain rule, Theorem 1.2. Then in Section 3, we prove local well-posedness
for (1.1) and (1.6), Theorem 1.1 and Theorem 1.3. In the last section, we prove
Theorem 1.4, the small data global existence with critical regularity for dimension
two.
2. Preliminaries
In this section, we collect various basic estimates to be used for proofs of the-
orems. All of these estimates are well known, except a weighted fractional chain
rule, Theorem 1.2.
2.1. Trace estimates: spatial decay. At first, let us record the trace estimates,
which will provide spatial decay for functions, see, e.g., (1.3), (1.7) in Fang-Wang
[5].
Lemma 2.1 (Trace estimates). Let n ≥ 2 and 1/2 < s < n/2. Then we have
(2.1) ‖rn/2−sf‖
L∞r H
s−1/2
ω
.‖f‖H˙s , ‖r(n−1)/2f‖L∞r L2ω.‖f‖B˙1/22,1 ,
for any f ∈ C∞0 (Rn). Here B˙sp,q is the homogeneous Besov space (see, e.g., [4] for
the definition) and Hsω = (1 −∆ω)−s/2L2ω is the Sobolev space on the unit sphere.
In particular, when u is spatially radial, then |∂u|.‖∂u(t, r·)‖L2ω and
(2.2) ‖rn/2−s∂u‖L∞t,x.‖∂u‖L∞t H˙s , ‖r
(n−1)/2∂u‖2L∞t,x.‖∂u‖L∞t H˙s‖∂u‖L∞t H˙1−s .
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2.2. Space-time estimates. We will need to exploit the following space-time es-
timates for solutions to the linear wave equations: Morawetz type (local energy)
estimates, as well as the generalized Strichartz estimates.
At first, we record the required Morawetz type estimates for the operator .
Lemma 2.2. Let n ≥ 2. Then for any δ ∈ (0, 1/2] and δ1 > 0, there exists C > 0,
such that we have
(2.3) T−δ‖r− 12+δ∂u‖L2TL2x + ‖∂u‖L∞T L2x ≤ C‖∂u(0)‖L2x + CT
δ‖r 12−δu‖L2TL2x ,
A−1T ‖r−
1
2+δ〈r〉−δ∂u‖L2TL2x + ‖∂u‖L∞T L2x
≤ C‖∂u(0)‖L2x + CAT ‖r
1
2−δ〈r〉δu‖L2TL2x ,
(2.4)
B−1T ‖r−
1
2+δ〈r〉−δ−δ1∂u‖L2TL2x + ‖∂u‖L∞T L2x
≤ C‖∂u(0)‖L2x + CBT ‖r
1
2−δ〈r〉δ+δ1u‖L2TL2x ,
(2.5)
for any T ∈ (0,∞), where AT = min(T δ,
√
ln(2 + T )), BT = min(T
δ, 1), LqT =
Lq([0, T )) for the variable t and C is independent of T > 0.
The above estimates were formulated and proved in [10, Lemma 3.2] for n ≥ 3,
by multiplier method, see also [27, 11, 42]. We remark that the estimates with n ≥ 2
is also implied by the local energy estimates in Metcalfe-Tataru [28, Theorem 1],
and a well-known argument of Keel-Smith-Sogge [18]. Morawetz type estimates
and local energy estimates have rich history and a large body of related literature.
We refer the interested readers to [28, 25] for more exhaustive treatment of such
estimates.
For the problem with dimension two and critical regularity, we will also use
the following generalized Strichartz estimates due to Smith-Sogge-Wang [34], along
with the previous radial estimates in Fang-Wang [4]. See also [14] for similar results
in higher dimensions. For Strichartz estimates, see [4] and references therein.
Lemma 2.3 (Generalized Strichartz estimates). Let n = 2, q ∈ (2, 4], and s =
1− 1/q. Then we have the following inequality
(2.6) ‖∂u‖Lq([0,∞);L∞r L2ω(R2)).‖∂u(0)‖H˙sx + ‖u‖L1tH˙sx .
In addition, we have the classical Strichartz estimates for q ∈ (4,∞),
(2.7) ‖∂u‖Lq([0,∞);L∞x (R2)).‖∂u(0)‖H˙sx + ‖u‖L1tH˙sx .
In particular, when u is (spatially) radial, we have
(2.8) ‖∂u‖Lq([0,∞);L∞x (R2)).‖∂u(0)‖H˙sx + ‖u‖L1tH˙sx , q > 2 .
As mentioned in Lemma 2.1, we have |∂u(t, x)| ≤ C‖∂u(t, r·)‖L2ω , when u is
spatially radial. Combining (2.6) with it, we easily obtain (2.8), which means that
the 2-D radial estimate due to Fang-Wang (see Theorem 4 in [4]) remains true for
the first derivatives of radial solutions.
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2.3. Weighted fractional chain rule. To apply the Morawetz type estimates
for the nonlinear problem, we are naturally required to introduce the weighted
fractional chain rule, Theorem 1.2. Before proving it in Section 2.4, we firstly
discuss the implication which will be useful for our problem.
As a direct corollary of Theorem 1.2, with w2 = w
−2
1 = w
−1 and the fact that
w ∈ A1 ⇒ w ∈ A2 ⇒ w−1 ∈ A2 ,
we obtain the following:
Corollary 2.4. Let w ∈ A1 and s ∈ (0, 1). Under the same assumption on F (u)
as in Theorem 1.2, we have
(2.9) ‖w−1/2DsF (u)‖L2x.‖w1/2Dsu‖L2x‖w−1G(u)‖L∞x .
The actual weight function we will choose is of the form w(x) = r−1+2δ〈r〉−2δ−2δ1 .
Lemma 2.5. Let w(x) = r−1+2δ〈r〉−2δ−2δ1 , with 0 ≤ 1− 2δ ≤ 1 + 2δ1 < n. Then
w ∈ A1(Rn).
Proof. Though proof of this lemma is rather elementary, for the sake of com-
pleteness we provide a proof. It amounts to proving that for any r > 0, and almost
every x ∈ Rn,
(2.10)
∫
Br(x)
|y|−1+2δ〈y〉−2δ−2δ1dy ≤ Crn|x|−1+2δ〈x〉−2δ−2δ1 .
We deal with two cases separately. First, if |x| ≤ 1, then as δ + δ1 ≥ 0, we have
|y|−1+2δ〈y〉−2δ−2δ1 ≤ |y|−1+2δ ∈ A1
provided that 1 − 2δ ∈ [0, n) (recall that |x|a ∈ A1 iff a ∈ (−n, 0], Grafakos [7,
Example 7.1.7, page 506]). Thus,
r−n
∫
Br(x)
|y|−1+2δ〈y〉−2δ−2δ1dy ≤ C|x|−1+2δ ≤ C|x|−1+2δ〈x〉−2δ−2δ1 , ∀r > 0.
For the case |x| ≥ 1, recall that |x|−1−2δ1 ∈ A1 if 1 + 2δ1 ∈ [0, n). So, we have
(2.11) r−n
∫
Br(x)
|y|−1−2δ1dy ≤ C|x|−1−2δ1 , ∀r > 0.
If r < |x|/2, we have |y| ≥ |x| − r ≥ |x|/2 and so |y| ≃ 〈y〉 ≃ |x| for y ∈ Br(x).
Hence,
r−n
∫
Br(x)
|y|−1+2δ〈y〉−2δ−2δ1dy ≤ Cr−n
∫
Br(x)
|x|−1−2δ1dy ≤ C|x|−1+2δ〈x〉−2δ−2δ1 .
On the other hand, if r ≥ |x|/2, by (2.11), it follows that∫
Br(x)
|y|−1+2δ〈y〉−2δ−2δ1dy ≤
∫
B1
|y|−1+2δdy +
∫
Br(x)\B1
|y|−1−2δ1dy
≤ C + Crn|x|−1−2δ1
≤ Crn|x|−1−2δ1 .
This gives the desired (2.10) and completes the proof.
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2.4. Proof of Theorem 1.2. To begin with, we recall that if T is a strong
Caldero´n-Zygmund operator, then
(2.12) ‖T (f)‖Lp(wdx) ≤ C‖f‖Lp(wdx), w ∈ Ap, p ∈ (1,∞) .
(See, e.g., Muscalu-Schlag [29, Theorem 7.21, page 191].) Using this and the ar-
gument in [29, Section 8.2] it is easy to see that the weighted Littlewood-Paley
square-function estimate
(2.13) ‖wSjf‖Lpℓ2j ≃ ‖wf‖Lp , w
p ∈ Ap, f ∈ Lp(wpdx), p ∈ (1,∞)
holds where Sj = φj∗ is the standard Littlewood-Paley operator while φj(x) =
2jnφ(2jx), supp φˆ ⊂ {|ξ| ∈ [2−2, 22]}.
By repeating essentially the same argument as in Taylor [40, (5.6), page 112],
we can obtain
(2.14) |SjDsF (u)(x)|.2js
∑
k∈Z
min(1, 2k−j)(M(Sku)(x)MH(x) +M(HSku)(x)) ,
whereH(x) ≡ G(u(x)). By (2.13) and (2.14), we know that for (w1)q, (w1w2)q ∈ Aq
with q ∈ (1,∞),
‖w1w2DsF (u)‖Lq . ‖w1w2SjDsF (u)‖Lqℓ2j
. ‖w1w22jsmin(1, 2k−j)(M(Sku)MH +M(HSku))‖Lqℓ2j ℓ1k
. ‖w1w22ksmin(2(j−k)s, 2(k−j)(1−s))(M(Sku)MH +M(HSku))‖Lqℓ2jℓ1k
. ‖w1w22ks(M(Sku)MH +M(HSku))‖Lqℓ2k .
For the last inequality we use Young’s inequality with the assumption s ∈ (0, 1).
By applying Minkowski’s and Ho¨lder’s inequalities to the last expression we have
‖w1w2Ds(F (u))‖Lq . ‖w1w22ksM(Sku)MH‖Lqℓ2k + ‖w1w22
ksM(HSku)
)‖Lqℓ2k
. ‖w2MH‖Lq2‖w12ksM(Sku)‖Lq1ℓ2k + ‖w1w22
ksHSku‖Lqℓ2k ,
for any q1, q2 ∈ (1,∞] with 1q = 1q1 + 1q2 . For the last term in the above we used
the weighted vector valued inequality for the Hardy-Littlewood inequality which is
due to Andersen-John [1, Theorem 3.1]:
(2.15)
∫
‖Mfj‖qℓpjwdx ≤ C
∫
‖fj‖qℓpjwdx, p, q ∈ (1,∞), w ∈ Aq .
Using (2.15) again and Ho¨lder’s inequality,
‖w1w2Ds(F (u))‖Lq . ‖w2MH‖Lq2‖w12ksSku‖Lq1ℓ2k+‖w2H‖Lq2‖w12
ksSku‖Lq1ℓ2k .
Then, by (2.13) and its variant
‖w12ksSku‖Lq1ℓ2k ≡ ‖w1S˜kD
su‖Lq1ℓ2k.‖w1D
su‖Lq1 , w1 ∈ Aq1 , q1 ∈ (1,∞),
we get that
(2.16) ‖w1w2Ds(F (u))‖Lq . (‖w2MH‖Lq2 + ‖w2H‖Lq2 )‖w1Dsu‖Lq1 .
If q2 < ∞, (1.4) follows directly from (2.16), by applying (2.15) for the term
involvingMH . To handle the remaining case q2 =∞, we observe that for w ∈ A1,
(2.17) ‖w−1MH‖L∞.‖w−1H‖L∞ .
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This is trivial, since by the definition of A1, we know that for a.e. x ∈ Rn,
H(x) ≤ w(x)‖w−1H‖L∞ ⇒
MH(x) ≤Mw(x)‖w−1H‖L∞ ≤ Cw(x)‖w−1H‖L∞ ,
which gives (2.17). Together with (2.16), we get (1.5) and this completes the proof.
3. Local well-posedness
In this section, we prove local well-posedness for (1.1) and (1.6), Theorem 1.1
and Theorem 1.3, based on Lemmas 2.1-2.2 and Theorem 1.2. As (1.1) is a special
case of (1.6), with n = 3 and p = 2, we need only to prove Theorem 1.3.
3.1. Local existence. As usual, we prove the existence of solutions for (1.6)
through iteration. For fixed s ∈ (so, 2) and (u0, u1) ∈ Hsrad × Hs−1rad , we define
the iteration map
(3.1) Φ[u] := H [u0, u1] + I[N [u]] ,
where H [φ, ψ] = cos(tD)φ+D−1 sin(tD)ψ is the solution map of the linear homoge-
neous Cauchy problem with data (φ, ψ), I[F ](t, ·) = ∫ t
0
D−1 sin((t − τ)D)F (τ, ·)dτ
is the solution map of the linear inhomogeneous Cauchy problem u = F with
vanishing data, and the nonlinear term
(3.2) N [u] := a|∂tu|p + b|∇xu|p .
Notice that Φ preserves radial property and we have
DνΦ[u] = H [Dνu0, D
νu1] + I[D
νN [u]] ,
for any ν ∈ (0, 1).
Let w(x) = r−1+2δ〈r〉−2δ−2δ1 with δ ∈ (0, 1/2) and δ1 ∈ [−δ, (n−1)/2) be defined
by (1.8). Applying Lemma 2.2 for DνΦ[u] with ν ∈ [0, 1), we get, for T > 0 to be
determined later,
‖Φ[u]‖XTν .‖∂u(0)‖H˙ν + A˜T ‖w−
1
2DνN [u]‖L2TL2x ,
where
‖u‖XTν = A˜−1T ‖w
1
2 ∂Dνu‖L2TL2x + ‖∂u‖L∞T H˙νx ,
A˜T =


BT = min(T
δ, 1) , p > pc ,
AT = min(T
δ,
√
ln(2 + T )) , p = pc ,
T δ , p < pc .
As δ ∈ (0, 1/2] and δ1 ∈ [−δ, (n − 1)/2), we can apply Lemma 2.5 and Corollary
2.4 to conclude
‖Φ[u]‖XTν .‖∂u(0)‖H˙ν + A˜2T ‖u‖XTν ‖w−1|∂u|p−1‖L∞T L∞x , ν ∈ (0, 1) .
The case ν = 0 is also admissible, by Ho¨lder’s inequality.
We now note that the choice of δ, δ1 ensures that
1− 2δ
p− 1 =
{
n
2 − (s− 1) , p ≥ pc ,
n−1
2 , p < pc ,
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1+2δ1
p−1 ∈ (n2 − (s − 1), n−12 ] when p > pc and 1+2δ1p−1 = n−12 when p ≤ pc. Thus by
(2.2), we see that for radial u,
(3.3) ‖r 1−2δp−1 ∂u‖L∞T L∞x .
{ ‖∂u‖L∞T H˙s−1 , p ≥ pc ,
‖∂u‖
1
2
L∞T H˙
s−1
‖∂u‖
1
2
L∞T H˙
2−s
, p < pc ,
(3.4) ‖r 1+2δ1p−1 ∂u‖L∞T L∞x .
{ ‖∂u‖L∞T Hs−1 , p > pc ,
‖∂u‖
1
2
L∞T H˙
s−1
‖∂u‖
1
2
L∞T H˙
2−s
, p ≤ pc .
In conclusion, we arrive at, for any ν ∈ [0, 1),
‖Φ[u]‖XTν ≤ Cν‖∂u(0)‖H˙ν
+ CνA˜
2
T ‖u‖XTν ×


(‖u‖XTs−1 + ‖u‖XT0 )p−1 , p > pc ,
(‖u‖2
XTs−1
+ ‖u‖XTs−1‖u‖XT2−s)
p−1
2 , p = pc ,
(‖u‖XTs−1‖u‖XT2−s)
p−1
2 , p < pc .
(3.5)
Similarly, as |N [u]−N [v]|.(|∂u|p−1 + |∂v|p−1)|∂(u − v)|, we have
‖Φ[u]− Φ[v]‖XT0 .A˜
2
T ‖u− v‖XT0
×


(‖(u, v)‖XTs−1 + ‖(u, v)‖XT0 )p−1 , p > pc ,
(‖(u, v)‖2
XTs−1
+ ‖(u, v)‖XTs−1‖(u, v)‖XT2−s)
p−1
2 , p = pc ,
(‖(u, v)‖XTs−1‖(u, v)‖XT2−s)
p−1
2 , p < pc .
(3.6)
Based on (3.5) with ν = s− 1, 2− s, 0 and (3.6), it is standard to conclude that
there exist c, ε0 such that for Tε given in (1.9), Φ is a contraction mapping in the
complete metric space
{u ∈ L∞([0, T );Hsrad) ∩ Lip([0, T );Hs−1rad ),
‖∂u‖L∞T H˙ν ≤ 2Cν‖∂u(0)‖H˙ν , ν = s− 1, 2− s, 0}
with the metric d(u, v) = ‖u− v‖XT0 , and the unique fixed point is the solution we
are seeking. This completes the proof of the existence part of Theorem 1.3.
3.2. Unconditional uniqueness. Suppose we have two radial solutions u, v ∈
L∞([0, T );Hsrad) ∩ Lip([0, T );Hs−1rad ) to (1.6).
Observing that s > so ≥ 3/2, we have s− 1 > 1/2 > 1/2− δ, and so
‖w 12 ∂u(t)‖L2.‖r−1/2+δ∂u(t)‖L2.‖∂u(t)‖H˙1/2−δ.‖∂u(t)‖Hs−1 ,
where we have used Hardy’s inequality in the second inequality. Thus, w
1
2 ∂(u, v) ∈
L2loc([0, T );L
2). Then, as in the proof of the existence, we get from Lemma 2.2,
(3.3) and (3.4) that, for any T1 ∈ (0, T ) and T1 < 1,
‖w 12 ∂(u− v)‖L2T1L2x.T1
2δ‖w− 12(u− v)‖L2T1L2x
.T1
2δ‖∂(u, v)‖p−1L∞T Hs−1‖w
1
2 ∂(u− v)‖L2T1L2x .
Letting T1 sufficiently small such that T1
2δ‖∂(u, v)‖p−1L∞T Hs−1 ≪ 1, we conclude that
u ≡ v in [0, T1]× Rn, which yields unconditional uniqueness.
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3.3. Regularity. In this subsection, we prove the improved regularity of the so-
lution u ∈ C([0, T );Hs) ∩ C1([0, T );Hs−1), for which we need only to prove the
continuity at t = 0 of ∂jt u(t) ∈ H˙s−j(Rn), j = 0, 1. Applying Corollary 2.4,
(3.3) and (3.4), and recalling the fact that w
1
2 ∂Ds−1u ∈ L2TL2x, we have for any
T1 ∈ (0, T ) and T1 < 1,
‖∂u(T1)− ∂u(0)‖H˙s−1x = ‖∂Φ[u](T1)− ∂u(0)‖H˙s−1x
≤ ‖∂I[N [u]](T1)‖H˙s−1x + ‖∂H [u0, u1](T1)− ∂u(0))‖H˙s−1x
. T δ1 ‖w−
1
2Ds−1N [u]‖L2T1L2x + o(1)
. T1
δ‖∂u‖p−1L∞T1Hs−1‖w
1
2 ∂Ds−1u‖L2T1L2x + o(1) = o(1)
as T1 → 0+, which proves the continuity at t = 0.
4. Small data global existence with critical regularity
In this section, focusing on spatial dimension two, we use the generalized Strichartz
estimates to prove Theorem 1.4, which yields the small data global existence with
critical regularity.
Firstly, we note that sc = 2 − 1/(p− 1) ∈ (1, 2) when p > 5. Applying (2.7) of
Lemma 2.3 and energy estimates we get
‖(Φ[u], ∂tΦ[u])‖L∞t (H˙sc×H˙sc−1) + ‖∂Φ[u]‖Lp−1t L∞x
. ‖(u0, u1)‖H˙sc×H˙sc−1 + ‖N [u]‖L1tH˙sc−1
. ε+ ‖∂u‖p−1
Lp−1t L
∞
x
‖∂u‖L∞t H˙sc−1 .
In the last inequality, we use Theorem 1.2 with w1 = w2 = 1, F (v) = |v|p, G(v) =
F ′(v) and v = ∂u. Similarly, by energy estimates, we have
‖(Φ[u], ∂tΦ[u])‖L∞t (H˙1×L2) . ‖(u0, u1)‖H˙1×L2 + ‖N [u]‖L1tL2x
. ‖(u0, u1)‖H˙1×L2 + ‖∂u‖p−1Lp−1t L∞x ‖∂u‖L∞t L2x .
Moreover, as Φ[u] and Φ[v] have the same data, we have
‖(Φ[u]− Φ[v], ∂t(Φ[u]− Φ[v]))‖L∞t (H˙1×L2)
. ‖N [u]−N [v]‖L1tL2x
. (‖∂u‖p−1
Lp−1t L
∞
x
+ ‖∂v‖p−1
Lp−1t L
∞
x
)‖∂(u− v)‖L∞t L2x .
Once we have the above three estimates, it is easy and rather standard to prove the
existence and uniqueness for (1.6) in CtH
sc ∩ C1tHsc−1 with ∂u ∈ Lp−1t L∞x , when
(φ, ψ) ∈ Hsc ×Hsc−1 and ε is small enough.
When p > 3 and the initial data are radial, we use (2.8) of Lemma 2.3 instead of
(2.7). Then the same proof as before applies without modification. This completes
the proof of Theorem 1.4.
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